A ball dropped over a solid surface bounces several times before a complete stop. The bouncing can be reduced by introducing a liquid into the ball; however, the first rebound remains largely unaffected by the fluid. Granular materials can also work as dampers. We investigated the rebound of a container partially filled with a given mass of grains m i . During the collision, the kinetic energy of the container is partially transferred to the grains, the rebound is damped, and the fast energy dissipation through inter-particle collisions and friction decreases the bouncing time dramatically. For grain-filled cylinders, a completely inelastic collision (zero rebound) is obtained when m i $ 1.5e o m c , where e o and m c are the coefficient of restitution and mass of the empty container. For grain-filled spheres, the first rebound is almost undamped, but the second collision is completely inelastic if m i ? m c . These findings are potentially useful to design new granular damping systems.
T he bounce of a ball dropped over a solid surface is a prolific topic in physics and engineering [1] [2] [3] [4] [5] [6] [7] . This simple system constitutes the basis to describe the rebound of sophisticated objects and more complex systems; for example, bouncing viscoelastic spheres 8 , non-homogeneous balls 9 , solid spheres into fluids 10 , balls 11 , dimers 12 and trimers 13 on vibrated plates, and vibrated granular materials [14] [15] [16] [17] . Certain applications require materials that minimize the loss of energy during the rebound; e.g., in the design of small rubber balls in sport science 18 . On the other hand, in some cases it is necessary to damp the impact in order to protect the bouncing object, as in the landing of a massive spacecraft in Mars exploration missions 19 (where a rover, protected by its lander structure and airbags, hits the ground and bounces several times before reaching the repose). A recent research 20 showed that the rebound of a hollow sphere can be damped when it is partially filled with a liquid. The presence of the fluid does not affect the first rebound, but the second rebound is mitigated by the sloshing and collapsing of the liquid. The maximum damping is obtained when the liquid occupies about 30% of the available space and less notorious for larger liquid volumes.
Granular materials can also damp impacts and oscillations due to their ability to dissipate mechanical energy through inelastic collisions and friction between particles 21, 22 . Recently, a considerable amount of research focused on the efficiency of granular dampers (GD) has been developed [22] [23] [24] [25] [26] [27] . A granular damper consists of a number of grains enclosed in a receptacle that is attached or embedded in a vibrating structure 22, 26 . In comparison with classical viscous dampers, GD exhibit several advantages for applications under extreme conditions: they are simple, easy to maintain, robust, very durable, no sensitive to temperature and effective over a wide range of frequencies [23] [24] [25] . It is only natural that these new dampers have a broad spectrum of applications (reducing vibrations in aerospace industry 28, 29 , sports 30 , medical tools 31 , oscillatory saws 32 , dead-blow hammers 33 , etc). Through particle dynamics simulations 34 , it has been found that the damping mechanism is mainly dominated by friction for small particles, but the collisions effect becomes important as the particle size increases. However, when the number of particles is large, the total energy dissipated (collisional and frictional) is independent of the friction and restitution characteristics of the particles 27 . Moreover, in box-type GD, the damping efficiency is related to the available space for the grains in the container of confinement. Too confined, the grains behaves like a solid, the damping is weak. Too loose, the grains do not interact enough with the borders to damp the oscillations 24, 26 . In this work, we consider the damping effect of a granular material contained in a cell that freely bounces on a flat surface (i.e. the combination of a bouncing ball-and a granular damper). The main objective was to determine how the effective coefficient of restitution (e) of the charged container, as well as the bouncing dynamics, depend on the internal mass of grains. For this purpose, cylindrical containers partially filled with grains were impacted vertically on a solid base. Different parameters were varied: the internal mass m i , the granular material, the length L, the mass m c and the coefficient of restitution e 0 of the empty container, and its impact velocity. We found that e decreases linearly with m i to practically zero when m i 5 m crit , 1.5e 0 m c . Over this critical mass, the container impacts without bouncing. However, when the container is totally full of grains, it becomes "solid" and e increases notably. Our results are explained using a momentum exchange model. Moreover, we found that the container geometry plays an important role in the bouncing dynamics. In contrast with the cylindrical geometry, a grain-filled sphere never suffers a zero rebound. However, for m i ? m c , the second rebound is always completely inelastic, independently of the volume of grains. This latter result also contrasts with the bouncing of a fluid-filled sphere 20 , which damping is less effective as the internal liquid volume increases and bounces several times before the complete stop.
The experimental set-up is shown in Fig. 1a and described in the methods section. The characteristic of the containers and grain properties are summarized in Table 1 . A video illustrating the main results reported in this manuscript can be found in the supplementary material.
Results
Internal mass dependence. Figures 1(b-f) show snapshots of the bouncing dynamics of cylindrical containers filled with different masses of steel beads (spherical particles of 2 mm diameter). The parameters e 0 5 0.9, L 5 5 cm, m c 5 10.2 g and H 5 10 cm were kept constant. For the empty case (m i 5 0), a classical bouncing dynamics is observed (b). However, this bouncing is reduced dramatically as m i increases (c-e). Finally, for m i 5 15 g, the container does not bounce (f). In order to characterize this bouncing dynamics, the vertical position h of the geometric centre of the tube was measured and plotted as a function of time in Fig. 1g . We used the first derivative v 5 dh/dt to obtain the vertical velocity of the container vs time. For clarity, only the empty case is plotted in the inset of Fig. 1g . This inset also shows that the air drag over the container can be neglected (red lines slope 5 9810 mm/s 2 ). The coefficient of restitution, e 5 v a /v b (where v b and v a are the velocities before and after the impact) was plotted in Fig. 1h for the first four impacts, numbered by n b . For the empty container ( . ), e < 0.9 is independent of n b , and therefore of the impact velocity. On the other hand, e varies considerably for grain-filled containers. For n b 5 1, e decreases as the internal mass increases. After this initial impact, the particles go upwards faster than the container and form a cluster at the top of the cavity. For the second impact (n b 5 2), the container is "free of particles'' because they are in free fall inside the cavity, thus e is maximum. Thereafter, the falling particles start to collapse on the container bottom. This collapse damps the following rebounds and reduces dramatically the coefficient of restitution. Above m i 5 15 g, e < 0 (&) indicates a completely inelastic collision.
Length dependence. During the bouncing, the momentum exchange between the container and the beads takes place only through particle collisions with both ends of the container. Therefore, the length of the tube seems to be a key parameter. (Fig.2a ) reveals that the maximum height reached by the container after the first bounce increases when L is decreased. This is not due to a different value of the coefficient of restitution, which obviously is the same for the first impact. As can be observed from the snapshots, even if in all cases the initial kinetic energy of the particles is the same after the collision, in shorter tubes more particles can reach the ceiling of the cavity and transfer their energy back to the container. The transfer increases the velocity of the container and the latter rises higher. This sudden momentum exchange is reflected in the plot v vs t in Fig. 2b at t , 0.06 s for closed tubes (3-7 cm). On the other hand, for L min 5 2.2 cm, the system container-particles is almost a solid object; the particles dissipate less energy because they cannot move, and therefore the container bounces higher. Note that momentum exchange is not observed for this case in Fig. 2b (black solid line). Figure 2c shows e vs n b for the different containers lengths: as expected, for partially-filled containers e (n b 5 1) has the same value, e is maximum for the second impact; and it decreases in the following rebounds due to the material collapse with the container bottom. This collapse is reflected by a sudden change in curvature of the v vs t plot after the second impact. In contrast, for L 5 ', the particles are most of the time in free flight after the first impact, they arrive to the base ''one by one'' and the damping is less notorious (o).
Total bouncing time (t)
. Surprisingly, the time elapsed from the first impact until the container stops is largely independent of the tube length. This time, and therefore the damping efficiency, is only determined by m i (see Fig. 2d and inset therein). By analysing the videos, we observed that this independence is expected if L min , L , AEv p ae 2 /2 g, where AEv p ae is the average velocity of the particles after the first impact. This condition ensures that the grains can interact with the bottom and ceiling of the cavity during the first bounce and dissipate most of the initial energy of the system during these two collisions. As a result, the remaining energy of the particles is not enough to reach the container ceiling in the following rebounds, and the particles only hit the container bottom. In oscillating box-type GD, a significant dependence of the damping efficiency on the container length has been found 24, 25 . In such experiments, the amplitude of vibration was large enough to produce several interactions of the particles with the ends of the box. However, when the amplitude was reduced, the particles did not have enough energy to reach the box ceiling and they only hit the box bottom, and, as in our results, the box size was also irrelevant 24 . The effect of m i on the total bouncing time (Fig. 2d) is discussed later in the text.
First bounce. The dependence of the coefficient of restitution on the different parameters involved in the experiments is complex. However, this is not the case for the first impact. Because of this reason, let us focus our study in the first rebound, which represents the transition between solid-like to gas-like state for the granular material contained in the ball. The energy of the impact is partitioned between the container and the numerous beads provoking the fast change of state from a granular packing to a granular gas (similar to sublimation 21 ). The discussion about the clustering process 25, 35 is out of the scope of the present work. However, this represents an interesting system for further investigations in this field. m crit necessary to remove all the initial momentum of the container. Over this critical value, the collision is completely inelastic. The sudden increase of e observed at m i /m c 5 2.3 occurs because the available internal space inside the container (V 5 4.75 cm 3 ) becomes full of particles for this mass value. Then, the particles do not have enough room to move and the damping is less efficient. Considering the random close packing Q 5 0.64, the maximum mass is m i 5 rQV < 23.5 g, which corresponds to m i /m c 5 2.3. When the tube was tapped to increase the packing, a small free space was created and some particles were added to fill the empty space. A new measurement of e increases from 0.15 to 0.4 by only adding 10 particles. This indicates that, for the highest packing of grains, the bouncing dynamics approaches to the behaviour of a solid object. To show that the coefficient of restitution augments because of the lack of free space and not due to the mass, a longer container (with same m c ) with a larger inner mass of particles (m i 5 28.5 g, i.e. m i /m c 5 2.8) was used, obtaining again e 5 0, see (o) in Fig. 3a .
The experiments were repeated using containers with different coefficients of restitution (e 0 5 0.8 &, and e 0 5 0.7 .) released from H 5 20 cm, see Fig. 3a . In all cases, e decreases linearly with m i /m c from e 0 to practically zero at a given critical mass. This behaviour suggests a linear fit of the form: e 5 e 0 2 km i /m c . In so doing, we found that the fitted slope k is the same for the four sets of experiments, which are only shifted by the intercept e 0 . On the other hand, the slope varies slightly when the granular material is changed (k 5 0.58, 0.71 and 0.75 6 0.02 for steel, ceramic and glass beads, respectively), see fig. 3b . Then, k must be related to the material properties. The inset in Fig. 3b shows that k decreases linearly with the density of the grains r. This fact can be explained considering the energy dissipation capacity 24 . For a given mass m i , the number of particles N is inversely proportional to r (e.g., if m i 5 10.5 g, N s < 320, N c < 740, and N g < 960). A larger number of particles implies more collisions, and therefore higher energy dissipation. According to this fit, all the above data were summarized in the plot e-e 0 vs km i /m c (Fig. 3c) . Note that the collapse is remarkable.
Discussion
Let us now analyse the momentum conservation of the containerparticles system during the first bounce. It is difficult to manage momentum exchange systems that involve simultaneous contacts [36] [37] [38] [39] [40] . Indeed, the forces acting at the contact points between the grains are strongly interdependent; therefore, the calculation of the momentum distribution is complex. In this problem, we propose to decompose the process in three steps (Fig. 4) : (i) First, we consider the container and grains as two separated systems impacting the base with a velocity v 0 . (ii) In so doing, the vertical velocity of the container after the collision is e 0 v 0 and the average velocity of the grain cluster is AEv gc ae. Here, it is assumed that AEv gc ae = e 0 v 0 due to the fast energy dissipation in the granular material. (iii) Then, the empty container transfers part of its momentum to the grains via a wave front of collisions travelling through the cluster. Finally, the container emerges with a velocity v c and the particles with an average velocity AEv p ae. In 
where Dv p 5 AEv p ae-AEv gc ae. Let us remind that equation (1) expresses the momentum transfer: m c Dv c 5 m i Dv p . The above model describes accurately the experimental data shown in Fig. 3 . It is noteworthy that Dv p /v 0 5 k remains constant for a given material. This means that e is independent of the impact velocity. Moreover, from equation (1), one finds that the critical mass to obtain a completely inelastic collision is given by: m crit~e0 m c =k ð2Þ
Considering that k , 0.58 to 0.75 for the wide range of granular materials densities analysed (,2-8 g/cm 3 ), one can approximate m crit , 1.5e 0 m c . In summary, the knowledge of the mass of the empty container and its coefficient of restitution are, in a first approximation, sufficient to determine the amount of granular material necessary to obtain a zero rebound, independently of the properties of the granular material. This outstanding conclusion is similar to the universal response of optimal granular dampers found recently using numerical simulations 27 : whenever a large number of particles is used, the total energy dissipated (collisional and frictional) is largely independent of the friction and restitution characteristics of the particles.
An expression for the total bouncing time can be derived using m crit . In Fig. 2d , it was shown that T decreases notably as m i increases. Finally, we compared briefly the previous results with the ones obtained using a sphere partially filled with different masses of grains. Unlike the cylindrical geometry, we found that the first bounce of the sphere was largely unaffected by the internal material (as in the case of a liquid-filled sphere 10 ), however, the second impact is totally inelastic. This completely inelastic bounce was observed when m i ? m c for different filling volumes V f (see Fig. 5a ). Only the sphere completely full of grains and the empty sphere bounce several times before a complete stop. For partially filled spheres the coefficient of restitution is always zero at the second impact, see Fig. 5b . It is important to clarify that the damping of the first rebound increases with V f due to the larger deformation of the ball, as was corroborated using spheres with equivalent mass of liquid. Nevertheless, following the second impact, the liquid-filled sphere displays a series of small consecutive bounces, whereas the grainfilled sphere stops dramatically, see Figs. 5c-d. Snapshots in Fig. 6 reveal that the liquid reacts more quickly to the sphere impact than the grains. However, whereas the liquid is always in contact with the sphere surface, the grains are decoupled from the sphere and form a granular gas that collapses at the second impact. This abrupt collapse dissipates all the energy of the system. In contrast, the water continues splashing inside the other sphere which remains rebounding. Additional research in this regard and the role of confinement produced by the geometry will be presented in a future work.
Methods
Cylindrical containers. Transparent acrylic tubes of different lengths L were closed with rounded steel caps (a sphere of 6 mm welded to a washer of 14 mm diameter). Each tube was filled with a given mass m i of small spherical particles. Then, the container was released from a given height H over a massive horizontal steel base, see details in Table 1 . A glass tube was used to maintain the projectile aligned vertically, as is shown in Fig. 1a . The projectile impacts and bounces over the solid surface until reach the repose. The experiments were filmed with a high speed camera at 1000 fps and the videos were analysed using ImageJ to obtain the dynamics. The experiments were repeated five times for the following parameters: m i , L, m c , e 0 , r grains and v 0 (see details in Table 1 ). On the other hand, solid steel bars of equivalent masses m i were glued into the container. By impacting these projectiles, we found that e 0 does not change significantly (less than 5%) in the range of masses used in the experiments. Then, the results reported here are due to the grains-container interaction and not to an effect of the total mass of the projectile. Moreover, using free-fall experiments, the air influence was checked to be negligible on the container motion and on the motion of one simple particle.
Spherical containers. Transparent celluloid ping-pong balls were filled with different masses of steel beads or water. The spheres were dropped from H 5 20 cm and filmed at 1000 fps. The analysis was similar to the used with the cylindrical geometry. 
